We present a method for the construction of a Krein space completion for spaces of test functions, equipped with an indefinite inner product induced by a kernel which is more singular than a distribution of finite order. This generalizes a regularization method for infrared singularities in quantum field theory, introduced by G. Morchio and F. Strocchi, to the case of singularites of infinite order. We give conditions for the possibility of this procedure in terms of local differential operators and the Gelfand-Shilov test function spaces, as well as an abstract sufficient condition. As a model case we construct a maximally positive definite state space for the Heisenberg algebra in the presence of an infinite infrared singularity.
INTRODUCTION
A notable case in which some of the abundant singularities of quantum field theory can be treated rigorously, is presented by the method of infrared regularization of Morchio and Strocchi [8, 14] . There, the first order singularity of the two-point function of the massless scalar field in 1 + 1-dimensional spacetime manifests itself in the nonpositivity of the Wightman inner product on the one-particle space. In momentum space, this two-point function appears as a singular integral kernel which is regularized in the distributional sense as a Cauchy principal value. Since this regularization involves subtraction of values of the test functions at p = 0, the Wightman inner product induced by the two-point function is clearly no longer positive definite. It turns out that, if the usual positivity axiom of Wightman theory, see [13] , is replaced by a weaker Hilbert space structure condition, the construction of a suitable physical state space is still possible. The one-particle space becomes a Krein space, the natural analogon of a Hilbert space in the case of an indefinite inner product, and it is maximal in the sense that there is no larger Krein space closure of the test function space (we refer to Appendix B, where some basic notions of, and results on indefinite inner product spaces are gathered). Thus, no physical information gets lost and one can identify a positive definite physical Hilbert subspace. In fact, in the case treated in [8, 14] the rank of negativity is one, and thus the Krein space is actually a Pontryagin space. In [12] , we have cast this procedure in abstract form, yielding a method by which every quasipositive space, i.e., a space with finite rank of negativity, can be completed to a Pontryagin space. By this, we generalized the infrared regularization method to singularities of the type of finite order distributions. On the other hand it is by now well known that constructive approaches to interacting quantum fields generically involve much more singular objects, see [15, 10] , namely ultradistributions and even Fourier Hyperfunctions [3, 4] . Thus, it is natural to look for a further generalization of the procedure for finding a maximal Krein space closure starting from a space of test functions with an indefinite inner product induced by a singular kernel, to the case of non-distributional infnite order singularities, and therefore to the case of an infinite number of negative degrees of freedom. This is what we will present below.
We illustrate the regularization method 1 by a neat (yet unphysical) model in which infinite order singularities appear naturally, at least on a heuristic level. Namely, we will consider the Schrödinger representation of the Heisenberg algebra on a test function space over R in the presence of a singularity concentrated at p = 0. This model will be informally described in the next section, where also some notions needed subsequently are introduced. Further, we will state the main result, which is that the regularization procedure yields a maximal Krein space and in it a largest possible, positive definite, closed subspace, which can sensibly be considered as the 'physical state space' for the Heisenberg algebra of 'observables'. Section 3 contains the regularization procedure proper. It shows in particular that there is a certain balance that has to be kept between the singularity of the inner product, measured in terms of infinite order (local) differential operators, and the choice of test function space, which we express in terms of the Gelfand-Shilov scheme of spaces, see [5, Chapter IV] . The method itself is, however, general enough to be applied to a much wider class of singularities than infrared ones, and for a lot of other test function spaces.
In the last Section 4, we formulate abstractly a sufficient condition under which the regularization is guaranteed to work. The conditions we give are not the most general and abstract ones possible, since they reflect the limitations of the procedure of Section 3. Therefore they present no sharp criterion to decide whether an indefinite space admits the construction of a maximal majorant topology by our construction of a Hilbert majorant. Nevertheless, they capture the essential points that enable our construction, and therefore are at least useful to explain the mechanism behind it. Furthermore, our conditions are simple enough to be effective in many concrete cases. We discuss possible further generalizations in the end of Section 4.
Appendix A contains a simple, concrete construction of certain neutral elements, i.e., vectors with vanishing inner product, which play an important role in the regularization procedure in Section 3. Appendix B compiles some basics about indefinite inner product spaces mainly taken from [2] .
THE MODEL
Recently, a comprehensive abstract classification of representations of the Heisenberg algebra on an indefinite inner product space has been worked out by Mnatsakanova, Morchio, Strocchi, and Vernov in [7] . There, it was pointed out that this issue is somewhat more difficult to handle than in the positive definite case, which is covered by the Stone-von Neumann uniqueness theorem, see [11, Chapter IV] . Especially, domain questions appear and the notion of irreducibility has to be reconsidered. Here, we take a different approach in considering a very concrete example where the Heisenberg representation is from the beginning assumed to be the quantum mechanical Schrödinger representationq def = x ;p def = ?i d dx ;
on a function space over R.
The following discussion will take place in momentum space, and we will notoriously denote the Fourier transforms of functions with f, g, etc., and the variable by p. Consider the indefinite inner product hf ; gi def = (f ; g) L 2 ?
with real coefficients c k (this will turn out to pose no essential restriction in our case, see below). It can be formally interpreted as being induced by a generalized function (a kernel) on R 2 in the following way:
hf ; gi = ? (p ? p 0 ) ? J(@ p @ p 0 ) (p) (p 0 ) ; f(p)g(p 0 ) :
Here, the infinite order differential operator J is given by its symbol J( ) def = 1 X k=0 c 2 k k :
The singularity in h: ; :i can be characterized by the following notion, where we have already adapted the conventional notation a bit, so as to conform with our aplication in Section 3:
Definition and Remark 1 ([5, pp. 159] ). An entire function J( ) in the complex variable is called infra-exponential of order 1=(2 ) if it fulfills for every " > 0 an estimate jJ( )j C " e "j j 1=(2 ) ; for some C " > 0. In this case, the coefficients c 2 k of the Taylor series of J satisfy the following upper bounds: For every D > 0 exists a 2 (0; 1) and a C > 0 such that jc 2 k j C k D k e 2k k 2k :
Now, our first concern is on which test function space the inner product can be defined. To this end, we use the Gelfand-Shilov scheme for the classification of spaces of smooth functions, see [5, Chapter IV]. For 0 ; 1 the space S (R) consists of smooth functions f on R satisfying estimates jp q f (k) (p)j CA q B kk k :
We need in fact only consider the regularity of the functions in S at the origin, which is expressed in the following basic estimate: There exists a B > 0 such that for all > 0 and a constant C f depending on f we have jf (k) (0)j C f (B + ) k k k : (4) It is apparent from (3) and (4) that the indefinite inner product is well-defined on S by (1) as the distribution (2), whenever J is infra-exponential of order 1=(2 ). We denote by V = V J ( ; ; ) a space S equipped with an indefinite inner product (1) defined by an infra-exponential symbol J of order 1=(2 ) for any . Further constraints on the choice of test function space now come from the intended Schrödinger representation of the Heisenberg algebra. As the Heisenberg generators act in momentum space by multiplication with p and differentiation id=dp, it is clear that they will not be symmetric operators with respect to the indefinite inner product h: ; :i on the whole space. A representation on a subspace of V acts by symmetric operators only if this subspace consists of functions f such that all derivatives of f vanish at p = 0. This subspace is at the same time also positive definite. In order that it is also maximal in the sense that there is no larger positive definite subspace in V, one has in fact to assume that the coefficients c 2 k in equation (1) are strictly positive, i.e., c k 2 R n f0g for all k, which we do from now on. In turn, this implies that J(@ p @ p 0 ) is a properly infinite differential operator and thus the singularity in (2) must be stronger than a finite order distribution. This excludes as test function space any space S 1 which allows only distributions of finite order, and thus in particular the Schwartz space S = S 1 1 . On the other hand, the very strong singularity of an analytic functional is also excluded:
Since for = 1 the test functions in V are all analytic in a strip neighbourhood of the real axis, the requirement f (k) (0) = 0 for all k would lead to the trivial subspace.
After these heuristics, we are ready to state our main result, whose proof will follow in the next section. We will characterize the complete, positive definite representation subspace for the Heisenberg algebra by the Fourier transformation. For that, we need another definition. 
The appearance of > results from technicalities of the infrared regularization process, as will become clear below. This leaves room for improvement.
It should be stressed that the diagonal form (p ? p 0 ) of (2) outside the singularity p = p 0 = 0 was chosen to allow for a symmetric action of the Heisenberg generators. The regularization procedure itself is nonetheless rather independent of the structure of the kernel outside the singular points. On the other hand, the discussion in the beginning of this section also points to a principal limitation of the regularization method. If the singularity in a certain point p 0 is that of a proper analytic functional, i.e., 1, and the rank of indefiniteness is infinite, regularization is impossible since the positive subspace would be trivial in that case.
The somewhat exotic representation of the Heisenberg algebra above does not fit into the classification of [7] , see also [9] . Rather it corresponds to the 'counterexample' in the appendix of [7] . As explained there, L 2 0 (R) naturally decomposes into two irreducible subspaces of 'left-' and 'right-movers', i.e., states with support on the negative, respectively positive half-axis in momentum space, by closure of the domains V = ff 2 V j f(p) = 0 for p 7 0g in the Krein topology.
INFINITE INFRARED REGULARIZATION
In this section we present the proper method for construction a Krein space from V. The general strategy is close in spirit to the well-known method for closing a Hilbert space with respect to the action of a given positive bilinear form on it, see [6, Appendix A.2] . The construction of a maximal majorant Hilbert topology for V leading to a Krein space closure of it, relies mainly on two ingredients: First, the existence of neutral elements within V which separate the negative degrees of freedom from the rest of the space. Secondly, there is some 'air' left between the decay of the coefficients c 2 k defining h: ; :i via (1), and the growth of the Taylor coefficients of the functions in V. This is expressed in equation (3), the assumption > of Theorem 3, and (4). To make use of that margin, we define the 'damping coefficients' k by k def = k k : (5) The neutral decomposition elements will be constructed in Appendix A to fulfill the following demands: (3), and let k be as in (5) . Then there exists a sequence of functions f k g k2N0 S with the following properties:
iii) ( k ; l ) L 2 = 0, for all k 6 = l. iv) h k ; l i = 0, for all k, l.
We denote by N the linear subspace of S generated by f k g k2N0 .
The subspace N is neutral, N V 0 . We also observe, that V is non-degenerate, due to the presence of the L 2 -part in the indefinite product (1). This property will prevail in the closure of V we construct below. Now, every f 2 S has, for every finite N 0, a unique decomposition
and f N+ 2 S is such that f (i) (0) = 0 for 0 i N. Furthermore, the sum in the decomposition is in clearly in N.
Proposition 5. The seminorm p given by the limit
exists and defines a majorant topology on V.
Proof. Taking Lemma 16 into account, we have to show that (7) , if it is welldefined, dominates the inner square. Assuming that the limit in question exists, it is easy to show that p(f) 2 majorizes the inner square jhf ; fij of f. Namely, using (6) we can express hf ; fi as
using property iv) of Lemma 4, and the fact that hf N+ ; i i = hf ; i i which follows from it. Now, in every term in the sum above we have the elementary estimate for complex numbers jf i hf ; i i + f i h i ; fij jhf ; i ij 2 + jf i j 2 . If the first term hf N+ ; f N+ i in (7) has a limit at all, then it tends to (f + ; f + ) L 2 = kf + k 2 L 2 0 for a certain f + 2 L 2 , showing p(f) 2 jhf ; fij in the limit N ! 1.
It remains to show that all the limits involved in (7) exist. In order to show finiteness of the first term it suffices to show that the decomposition (6) of f converges in L 2 (R) for N ! 1, since it then tends to kf + k 2 L 2 and is thus necessarily finite as we have just seen. For the sum defining the decomposition, we have by i) of Lemma 4
taking (3) and (4) into account, showing that claim. By definition (1) of the inner product, the i-th term in the sum in (7) becomes
For the first term we find, using the Cauchy-Schwartz estimate, by (3) and (5), and of course the assumption of Theorem 3:
Using further (4), the second term is bounded by
:
Finally the third term satisfies jf (i) (0)j 2 2 i C 2 f i 2i( ? ) (B + ) 2i : All three terms decay faster than exponentially in i, making the overall sum in (7) convergent in the limit N ! 1.
Notice that although we chose to see this independently by considering L 2convergence, the numerical convergence of the hf N+ ; f N+ i-part of the decomposition could have been inferred in the same way as the convergence of the other terms in (7) . In fact, one could have inverted the decomposition (6) to yield f N+ = f ? P N i=0 f i i and then see the convergence of hf N+ ; f N+ i by majorizing it with the same convergent terms as in the prove above. It is apparent from the proof of Proposition 5 that the decomposition (6) of f converges in the closure V of V with respect to . In fact, it is easy to see that the increments p(f i i ) 2 decay fast enough to turn the partial sums in the decomposition into a Cauchy sequence. This allows us to write for every f 2 V
We further see, using the joint continuity of h: ; :i, see Definition 15, that the indefinite inner product h: ; :i has a unique extension to V , which we will also denote by h: ; :i. Thus using (8), equation (7) extends to a definition of a quadratic normed topology on the -complete space V , i.e., a Hilbert majorant topology on that space: Corollary 6. On the closure K def =V = S we define the Hilbert scalar product
We denote the Hilbert norm on K by k:k def = p(:) = (: ; :) 1=2 . In particular, we have the identity hf + ;
We set
Obviously, h: ; :i is positive definite on P and equals the L 2 -scalar product on that subspace. The decomposition (8) can now be expressed as follows:
with the following properties:
i) P is continuous in the topology .
ii) P has a continuous extension to K. iii) P maps K onto P . iv) P is an orthogonal projection onto P with respect to (: ; :).
v) The decomposition K = P N is orthogonal with respect to the scalar product (: ; :) (denoted by ).
Proof. To show i) we estimate
In the last step we used that we have kfk 2 hf + ; f + i = kf + k 2 L 2 by Corollary 6.
Assertion ii) follows from i). By i) and ii) it suffices to show that f 2 V entails f + 2 P to show iii). For that, by the second to last inequality above, it suffices to approximate f + in the L 2 -norm with elements of P . Such an approximation can be easily constructed, e.g., as f + " = (1 ? " )f + for " ! 0, with the cut-off functions " of Lemma 13. That P : K ! P is surjective is now clear, since P is the identity on P . For f + 2 P and 2 N, the scalar product reduces to ? f + ; = 1 X i=0 f + ; i h i ; i = 0; since h i ; i = 0, and because f + and have decompositions with vanishing (f + ) i and + respectively. Continuity of h: ; :i then implies statement iv). Assertion v) follows from iv) and the fact that the sum in (8) converges to an element of N .
To construct the metric operator J that connects the indefinite with the Hilbert scalar product on K, we have to decompose this space somewhat further. To that end, we consider the functionals F i (f) def = h i ; fi; f 2 V; on V. These functionals are nonzero since V is non-degenerate, they vanish on N, and they are clearly bounded with respect to the norm p. In fact, we have jF i (f)j=p(f) 1 for f 2 V, by (7) . That is, the F i have unique continuations (also denoted by F i ) to K by the Hahn-Banach Theorem, and by continuity these satisfy the same bound 0 < kF i k 1.
Proof. That the vectors v i exist and are unique in K follows from Riesz' representation theorem applied to the bounded linear functionals F i on the Hilbert space K. We have to show that they are in P . Choose a sequence fv in g n2N in V that approximates v i , i.e., kv i ? v in k ! 0 for n ! 1. Using the decomposition (8) 
The last term on the right hand side vanishes for all n due to Lemma 7v). The third term is zero since (v i ; j ) = F i ( j ) = h i ; j i = 0. We use the Cauchy-Schwartz estimate for the scalar product (: ; :) and the fact that k i k = ( i ) i = j (i) i (0)= i j = 1 to estimate the second term as follows:
with some constant C > 0 independent of n. In fact, since (v in ) j = v (j) in (0)= j , and using (4) and (5) we see that the sum is finite for all n. Since the sequence v in is convergent in the norm p and by definition (7) of this norm, the sum must actually converge and therefore admits a global bound C as above. In conclusion, since v in is -convergent to v i , i.e., kv i ? v in k ! 0 for n ! 1, we must have kv i ? (v in ) + k ! 0 by necessity, and thus already Pv in is -convergent to v i . This shows the claim.
The basic properties of the v i are collected in the next lemma. Lemma 9. The vectors v i have the following properties:
Proof. Statement i) is clear from the defining property of v i , except for the last equality that says kv i k = 1. This will soon turn out to be true. Let fv in g n2N P be a sequence converging to v i in K, which exists by Lemma 8. Then with (9) , and since (v in ) j = 0 for all j we have kv in k 2 jh i ; v in ij = hv in ; v in i jh i ; v in ij + 1 + P j6 =i h j ; v in i jh i ; v in ij : Now jh i ; v in ij = j(v i ; v in )j ?! kv i k 2 by i), so that the left hand side tends to 1 for n ! 1 (here we assume that the denominators are nonzero which can be achieved by choosing v in suitably). Since the denominators stay bounded, we must necessarily have jh j ; v in ij ?! 0 for j 6 = i showing ii), and also hv in ; v in i ?! 0 showing iii) since v in converges to v i with respect to k:k = p(:) and p majorizes the inner square. Incidentally, this also shows sup n jF i (v in )j kv in k = sup n jh i ; v in ij kv in k = 1;
and this proves the last equality in i), since the norm of v i and that of the linear functional F i coincide by Riesz' theorem. To show iv), we consider again the decomposition (8) of a vector f 2 V which yields hv in ; fi = v in ; f + + f i hv in ; i i + X j6 =i f j hv in ; j i:
In this expression we find hv in ; f + i ?! 0, since by iii) v in converges strongly to 0 in P , and due to Lemma 7. By arguments similar to that in the proof of Lemma 8, the sum stays bounded independently of n, and since every single term in it converges to 0 by ii), the sum also tends to 0. This leaves us with the second term which converges to f i hv i ; i i = f i by i). This shows iv).
The v i could be constructed concretely as limits of functions which vanish strongly in the L 2 -sense, as in [8] . Proof. First, we must show that the decomposition is indeed possible because H V . To this end, note that the topology + is stronger than the restriction of to P. In fact, if a sequence in P converges in the norm p + then it converges in the L 2 -norm by (1) , and by the action of the indefinite product on P it is easy to see that this suffices to ensure convergence in the norm p. Now, taking Lemma 7v) into account, we have to show that the (: ; :)-orthogonal decomposition P = H N h i holds. First, observe that the vectors v i form a -complete orthonormal system in N h i . Now, for f + , g + 2 P we have by the definition of the v i and (9) . This shows that a sequence ff + n g n2N in P converges to a limit f 2 P if and only if p + (f + n ? f) ?! 0 and independently the (: ; :)-orthogonal projection of f + n ? f onto the closed subspace N h i of P tends to zero. Denote by N h?i the orthogonal complement of N h i in K with respect to (: ; :). By the above argument, the subset P \N h?i of P is dense in H with respect to the topology + . This shows that the proposed decomposition is indeed (: ; :)-orthogonal. In conclusion, a -Cauchy sequence in P can be identified with a pair (f; f i g i2N0 ) with an f 2 H and i = (v ; v i ) for some v 2 N h i . This shows P = H N h i .
It should be noted that by Lemma 9iii), the vectors v i indeed converge to zero in the topology + of H but are clearly nonzero in P K. Furthermore, + is stronger than the L 2 -topology although p + (f + ) = kf + k L 2 for f + 2 P. We will characterize H as a function space below. We have compiled all information needed to exhibit the Krein space structure of K. Proof. The strategy of the proof will be as follows: The metric operator exists by Proposition 18, and we have seen in Lemma 10 that we can write down its action in the decomposition K = H N h i N . We can then explicitly demonstrate that the operator J on K acts as stated. This special form of J immediately implies that it is a bounded, completely invertible operator on K. Thus by Proposition 20, K is a Krein space and since J ?1 = J is also bounded, its Hilbert space structure (K; J) is maximal by Lemma 21. Now, by definition of the v i we have hf ; i i = (f ; J i ) = (f ; v i ) for all f 2 K, showing J i = v i . On the other hand, by Lemma 9iv) and (9) we have hf ; v i i = (f ; Jv i ) = f i = (f ; i ), showing Jv i = i . It remains to consider the restriction of J to H. Take f ? , g ? 2 P \ N h?i (see the proof of Lemma 10) and note that (f ? ; g ? ) = hf ? ; g ? i for those vectors. Since these vectors are dense in H, it follows that the restriction of J to H is the identity. This shows the claim. To conclude the proof of Theorem 3, it finally remains to show that H is the Fourier transform of the space L 2 0 defined in that theorem. Now F is a topological isomorphism from S onto V = S and for f 2 S we have
By that, the image of P under F ?1 is the subspace of S of functions f with k (f) = 0 for all k. Since S is dense in L 2 and the Fourier transformation is an L 2 -isometry, we can see H = FL 2 0 . Thus Theorem 3 is finally proven.
If we test the vectors v i with states in the 'physical' subspace H , i.e., the representation space for the Heisenberg-observables, they appear as completely delocalized states. In fact the action of the momentum operator on them is given by Lemma 9iv): hpv i ; fi = hv i ; pfi = (pf) i = 0; for all f 2 H; i 2 N 0 ;
where we denoted the unique extension of the multiplication operator p from V to K also by p. This is different from the case of one single negative degree of freedom in [8] , where the single vector v 0 turns out to be completely delocalized on the whole Krein state space.
A CONDITION SUFFICIENT FOR REGULARIZATION
In this last section, we want to give a set of conditions on a general indefinite inner product space V, that will be sufficient for the regularization procedure to work. We did not put this generalization in the beginning, and then deduced the special case V = S considered above from it, for two reasons: First and foremost, we wanted to emphasize the case of indefinite inner products generated by singular kernels acting on a test function space, which we think is particularly interesting in view of possible applications in physics. Secondly, most of the assertions and proofs in Section 3 are already cast abstract enough to be re-used in the proof of the generalized regularization Theorem 12 below without any modification. Thus, we can stress the essential points that need modification and thereby highlight the principles which put the regularization procedure to work. Two elements are essential: Firstly, the existence of neutral decomposition elements i that enable us to isolate the positive part of the indefinite product.
Secondly, a certain balance between the growth respectively decay of a) the inner products of vectors in the space with the neutral elements and b) the coefficients of the linear decomposition of a vector with respect to these. These growth conditions constitute the main difference between the case of finite rank of indefiniteness considered in [12] and the infinite case, where they serve to render the Hilbert majorant topology well-defined in the first place.
Let us now formulate our set of conditions. We assume V to be a complex linear space with an indefinite inner product h: ; :i, which shall be non-degenerate.
Assume that: 0) There exists an orthogonal system fe i g i2N0 of mutually linearly independent, neutral vectors in V. 2) There exists a sequence of complex numbers f i g i2N0 such that both sequences f i he i ; vig and fe v i = i g are in l 2 (N 0 ).
These conditions enable us to prove an equivalent of Proposition 5. In fact, setting i def = i e i , we obtain the anologue of the finite decomposition (6) for a vector v 2 V with coefficients v i = e v i = i . We then have to see that the sum (7) with f replaced by v, defining the majorant norm p(v) 2 , converges.
The convergence of the asymptotically positive part lim N!1 hv N+ ; v N+ i then follows, as we have already noted after the proof of Proposition 5 on page 6. Now, the i-th summand in the definition of p(v) 2 becomes jhv ; i ij 2 + jv i j 2 = j i hv ; e i ij 2 + je v i = i j 2 ; and the sum converges due to condition 2). Thus, we get a majorant Hilbert topology on V. A close inspection of the proofs of the various lemmata in section 3 shows that the only other point which has to be reconsidered is the proof of statement i) of Lemma 7, that the mapping P : v 7 ! v + is -continuous on K def = V . There, we have utilized the L 2 -norm, but we will see that this can also be shown independently. In fact, we have
We use the two consequences ( i ; j ) = ij and ( i ; v) = v i of equation (9) properties. We finally obtain a generalization of Theorem 11: Theorem 12. Let V satisfy 0)-2). Then K is a Krein space with rank of indefiniteness equal to #f i 6 = 0g. Its Hilbert space structure is maximal, and the metric operator J acts as in Theorem 11.
Note that 0)-2) and Theorem 12 are formulated as to cover the cases of finite as well as of infinite rank of indefiniteness. Namely, in case the rank of indefiniteness is N < 1, one can find at most N neutral, linearly independent vectors, and one has to use them all to obtain a decomposition that, as demanded by 1), becomes positive (in this case not asymptotically). One then chooses e i = 0 for i > N ? 1. We conclude this paper with some comments on the generalized regularization procedure just described. First, the conditions 0)-2) certainly do not present the utmost general ones possible. In particular, one can perhaps replace the neutral orthogonal system of 0) by a general system of linear independent vectors which lead to an aymptotically positive decomposition. See [12, Remark A.13] , where we describe how to find a maximal neutral orthogonal system in the case of finite rank of negativity. Furthermore, whether hv + ; v + i is positive or negative definite is irrelevant, since one can always go over to ?h: ; :i (the so called anti-space of V). On the other hand, one cannot easily dispense with either of the l 2 -conditions in 2), since they represent rather sharply the convergence conditions that enabled us to construct a majorant. Since we made no presuppositions with respect to V regarding structure and topology, condition 1) is also indispensible.
In our case of main interest in Section 3, the essence of conditions 0) and 1) are captured in Lemma 4 which is proven in the appendix below. A similar construction of neutral decomposition elements will also have to be carried out in any other concrete case, and is thus at the very center of the regularization procedure, in putting flesh to the bones of the abstract conditions 0) and 1). The construction in Appendix A may serve as a blueprint for that at least in the case of test function spaces over R n and inner products generated by kernels whose singularities are 'localized' enough, e.g., concentrated on a compact set. This may justify that we did not delve into a further abstraction of conditions 0) and 1).
Let us consider an instructive special case. Assume the sequence of coefficients fe v i g is bounded for all v 2 V. If there holds an estimate jhe i ; vij C(v)i ?(1+ ) ;
with a constant depending on v and for some > 0, we can choose i = i ?(1=2+") ; for any 0 < " < . Such polynomial growth and decay conditions are obviously much weaker than the conditions that were present in the case V = S , see, e.g., our choice of 's in (5) . Thus the range of cases covered by Theorem 12 is considerably widened in comparison to Theorem 11 and Theorem 3.
The question arises naturally, wether we can find uniform properties on V, as opposed to the pointwise ones 1)-2), that enable regularization. In essence one would look for a simple quantitative measure that tells us when the construction of the majorant is possible. But this is not straightforward. To simplify the discussion, consider the case where fe v i g is bounded in C for all v (these sets can of course not be uniformly bounded). A simple uniform measure that could replace condition 2) can be formulated in terms of the quantities e i def = sup v2V; e v i =1 jhe i ; vij:
Notice that at least e i is in the set over which the supremum is taken, and if this is the only element we have e i = 0 due to neutrality of that vector.
One can then replace 2) by the condition that there shall exist a sequence f ?1 i g in l 2 (N 0 ) such that also f e i i g is in l 2 (N 0 ). This uniform growth condition on e i is however by far too restrictive, since it does not even cover the case considered in Theorem 3. The basic reason for this is that in most cases the neutral orthogonal system fe i g does not exhaust the space V in the sense that a complete orthogonal system exhausts a Hilbert space. The inner products of these vectors do not contain enough information about the whole space, and especially its positive part, to decide sharply whether V is regularizable. The problem of finding a good abstract definition of what we would like to call 'regularizable inner product spaces' remains therefore open.
APPENDIX A. CONSTRUCTION OF NEUTRAL DECOMPOSITION ELEMENTS
In this Appendix, we present a simple construction for the neutral decomposing functions of Lemma 4. We point out that different and more refined constructions are surely possible, but the one given below suffices for our purpose.
We have to show i)-iii) since iv) follows from them. We prove Lemma 4 for k = 1; 8k. The general case follows by multiplication of the functions k constructed below with the given sequence k . The first thing we need to show is that there are enough functions of compact support in S . For that, we have to consider the spaces S ;B , which constitute S as an inductive limit for B ! 1, see [5, Chapter IV, §3] for their definition. 1;
Proof. Under the given conditions, the function " can be constructed using the well known facts about the Gelfand-Shilov spaces, for which we refer to [5, Chapter IV]. The space S contains the space S 0 which consists of functions of compact support and is nontrivial for > 1. Furthermore, for 2 S 0 we have 2 2 S 0 . Thus there exists a B > 0 and a nonzero function with (x) 0 in S ;B 0 , such that supp ?R; R] for some R > 0. Then
is an element of S ;B" 0 for B " = 2RB=", see [5, p. 158 ]. It has L 1 -norm 1 and support in ?"=2; "=2]. Since convolution with L 1 -functions does not change the regularity, the function " ?";"] is an element of S ;B" 0 and therefore a forteriori of S ;B" with all the desired properties.
We set n (x) def = 1=3 (x ? n)=k 1=3 k L 2 : Since n has support in n ? 1=2; n + 1=2], we have ( i ; j ) = 0 for all i 6 = j. Furthermore, for i 6 = j define k ij def = sign(i ? j) p ( j ; i ) L 2 :
We use the following enumeration for the off-diagonal entries of an infinite matrix (rows and columns counted from 0): N 2 0 n diag 3 (i; j) 7 ?! n(i; j) def = ( j(j?1) 2 + i + 1; if i < j; n(j; i); otherwise.
We use the functions i as building blocks for the desired functions, since they have just the right behaviour at 0 to ensure property ii) of Lemma 4. To correct their nonvanishing L 2 -overlap with each other we use the corrective K i def = X j6 =i k ij n(i;j) :
We must show that this is possible, i.e., that k i + K i k 2 L 2 does not exceed c 2 i , in order to satisfy i). We have k i + K i k 2 L 2 = k i k 2 L 2 + kK i k 2 L 2 = 1 X j=0 ( i ; j ) L 2 :
The terms in the sum allow for the basic (yet very coarse) estimate
by construction of i . Using ( ) we have min(" i ; " j ) 1 3e min(c 2 i ; 1) and therefore we can estimate under the additional assumption c 2 i 1: We are done if we show that i is well defined as a function in S , i.e., that the sum K i converges in the topology of the namely space. To that end, we have to show convergence in one of the spaces S ;B
;A which constitute the inductive limit S = lim ?! A;B!1 S ;B ;A . We show that the increments in the sum K i , namely k ij n(i;j) , decay fast enough in j to turn the sum into a Cauchy sequence in that topology. In the countably normed space S ;B ;A , we therefore have to estimate the increments due to the terms in the sum defining K i : kk ij n(i;j) k ; = sup x;k;q jx k k ij n(i;j) j (A + ) k (B + ) q k k; with ; > 0: We first argue that this quantity can be estimated independently of q. In fact, the functions n(i;j) are translates of a fixed function in S ;B 1=3 , and therefore the supremum over q is smaller than a constant times the supremum over k and x only, if we choose B = max(B 1=3 ; B "i ): kk ij n(i;j) k ; C sup x;k jx k k ij n(i;j) j (A + ) k k k :
It suffices to consider this especially for A 1 and = 1 in which case we have C sup x;k jx k k ij n(i;j) j k k :
For j large enough and by definition of n(i; j) we can estimate jxj 2j 2 on the support of n(i;j) , and with some other constant C 0 depending only on the function n(i;j) C 0 k ij sup k 2j 2 k k :
Continuous maximization in k shows C 0 k ij e cj 2 :
Now it is clear from their definition that k ij decay faster than an exponential function of any type in j and thus the claim follows.
APPENDIX B. BASICS OF INDEFINITE INNER PRODUCT SPACES
In this section we recall some facts about indefinite inner product, Krein and Pontryagin spaces needed in the main text. For an extensive discussion of the subject matter we refer the reader to [2, 1] . First some notations: Let V be a vector space equipped with an indefinite inner product h: ; :i (antilinear in the first, linear in the second argument).
The linear span of a subset A of vectors in V is denoted by hAi. The linear sum of subspaces V 1 ; : : : ; V n of V is given by hV 1 : : : V n i and denoted by V 1 + : : : + V n . If the spaces V 1 ; : : : ; V n are linearly independent, their linear sum is termed direct sum and denoted by V 1 u : : : u V n . Orthogonality with respect to h: ; :i is defined, and denoted by the binary relation ? as usual (but clearly does not have the same strong consequences as in definite inner product spaces). If the V 1 ; : : : ; V n are mutually orthogonal, their orthogonal direct sum is denoted by V 1 (u): : :(u)V n , whereas the symbol is reserved for orthogonal sums with respect to a positive definite inner product, which we will denote with (: ; :), following mathematical convention. By positive definite we mean as usual (x ; x) 0, 8x 6 = 0, and (x ; x) = 0 ) x = 0. A subspace A of V is called positve, negative or neutral respectively, if one of the possibilities hx ; xi > 0, hx ; xi < 0 or hx ; xi = 0 holds for all x 2 A, with x 6 = 0. One sets V ++ def = x 2 V hx ; xi > 0 or x = 0 ; and calls this subset the positive part of V. The negative and neutral parts V ?? and V 0 are defined alike. A subspace A of V is called degenerate, if its isotropic part A \ A ? does not only consist of the zero vector. In the main text and the following we will deal merely with non-degenerate spaces, i.e., spaces with V ? = f0g. Now some less trivial things about the topology of indefinite inner product spaces: A locally convex topology on V defined by a single seminorm p, which is then actually a norm, is called normed. If V is -complete, we say that is a Banach topology. If can be defined by a quadratic norm p(x) = (x ; x) 1=2 , where (: ; :) is a positive definite inner product on V, then is called a quadratic normed topology. Again, if V is -complete, then is termed Hilbert topology.
A normed topology 1 is stronger than another 2 , written 1 2 , if and only if every 2 -open set is also a 1 -open set, or equivalently the relation p 1 (x) p 2 (x) holds for all x 2 V, with an > 0. Two norms that define the same topology are called equivalent. A locally convex topology on V is called a partial majorant of the inner product if h: ; ::i is separately -continuous. The weak topology on V is the topology defined by the family of seminorms p y (x) def = jhy ; xij; for all x 2 V: Lemma 14 ([2, Theorem II.2.1]). The weak topology is the weakest partial majorant on V. If a locally convex topology on V is stronger than the weak topology, then it is a partial majorant.
We will need a stronger concept of topology:
Definition 15. A locally convex topology on V is called majorant topology, if the inner product h: ; ::i is jointly -continuous.
In applications, one can often restrict oneself to majorants defined by a single seminorm which majorizes the inner square, as is shown by the following result. ii) For a locally convex topology defined by a single seminorm p to be a majorant it is sufficient that p dominates the inner square: jhx ; xij p(x) 2 ; > 0; 8x 2 V:
Majorant topologies, and especially majorant Hilbert topologies, have many advantages over partial majorants. Before we describe them, let us see why one would not like to use the weak topology on general indefinite inner product spaces:
Lemma 17 ([2, Theorem IV.1.4]). The weak topology on the non-degenerate indefinite inner product space V is a majorant, if and only if dim V < 1.
The indefinite inner product on a space equipped with a majorant Hilbert topology admits a simple description by the so-called metric operator.
Proposition 18 ([2, Theorem IV.5.2]). Let V be an indefinite inner product space with a majorant Hilbert topology defined by a norm k:k. Then there exists a hermitean linear operator, called metric (or Gram) operator, J on V such that hx ; yi = (x ; Jy); 8x; y 2 V; where (: ; :) is the positive inner product on V that defines k:k. Moreover, in this case V is decomposable and the fundamental decomposition can be chosen so that each of the three components is -closed.
The spaces we want to construct in the main text should be complete in a certain sense, which we will now specify.
Definition 19. If a non-degenerate indefinite inner product space K admits a decomposition K = K + (u) K ? ; K + K ++ ; K ? K ?? ; such that K + , K ? are complete with respect to the restrictions of the weak topology to them (termed intrinsically complete), then the space K is called a A Hilbert-space completion H of an indefinite inner product space V, if it exists together with its metric operator J, is called the Hilbert space structure (H; J) associated to V. In applications one would like to find the largest Hilbert space associated to an indefinite inner product space. For that, one considers minimal majorant topologies, i.e., topologies such that no majorant is weaker than . Hilbert space structures given by the completion of V with respect to a minimal majorant are correspondingly called maximal. We find that the Hilbert space structure is maximal, if it leads actually to a Krein space:
Lemma 21 ([14, Appendix A.1]). A majorant Hilbert topology leads to a maximal Hilbert space structure (K; J), if and only if J has a bounded inverse. Given a Hilbert space structure one can always construct a maximal one.
The last statement means in effect that every space admitting some majorant Hilbert topology can be completed to a Krein space.
